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INTRODUCTION AND NOTATIONS 
Let R be a nonarchimedean (n.a.) nontrivially valued field, X a 
O-dimensional HausdorfF space, and C(X) the algebra of all X-valued 
continuous functions on X. A n.a. Baire function of class 1 is a limit 
of a sequence of functions of C(X), and for any countable ordinal a > 1 
a n.a. Baire function of class oc is a limit of a sequence of functions of 
lower classes. N.a. Baire functions share several properties with the real 
Baire functions. Especially n.a. Baire functions of class 1 play important 
roles in applications [2]. 
It is well known that for any countable ordinal do there exist real Baire 
(or B-measurable) functions of class OL which are not of a lower class. 
In [6], A. F. MONNA remarks that it is an open question whether or not 
there exist n.a. Baire functions of class 01 such as the above. In this paper, 
we consider some properties of the functions of the class ‘$l, which are 
analogous to what is known in the real case ([l], [3]), and we show that 
a positive answer of the question follows from these properties. In 
Section 1, we consider examples of subsets of 7,r belonging to the class El,. 
In Section 2, we investigate some properties of the classes 5% and 81. 
Section 3 is devoted to the limits of functions under some condition. 
The existence of n.a. Baire functions of class oc is given in Section 4. 
Throughout this paper, the field K is assumed to be a complete non- 
archimedean rank 1 nontrivially valued field. Letters QP and ZP denote 
the field of the p-adic numbers and the ring of the p-adic integers, res- 
pectively. Unless otherwise stated, X denotes a O-dimensional metric space. 
SECTION 1. Bore1 sets. 
We always assume that an ordinal LY is countable. And the convention 
that a countable ordinal is odd or even will be that in the sense of [l]. 
For any countable ordinal LY, the classes Fa, B, and H, of subsets of 
the space X are as follows ; 
(I) J’c is the class of all closed subsets of X. 
(1) If B is odd, F, is the class of all countable unions of sets in UPC6 Fp. 
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If OL is even, F, is the class of all countable intersections of sets in 
up<a E$* 
II) Go is the class of all open subsets of X. 
If 01 is odd, G, is the class of all countable intersections of sets in 
up<.% Gs* 
If DI is even, Ga is the class of all countable unions of sets in UP<& Go. 
(2) 
(3: 
(4 
The classes (1) and (4) are called the additive classes of type 01. The 
classes (2) and (3) are called the multiplicative classes of type LY. 
(III) For any 01, we define Ha= Pa n G,, which is called the class of 
ambiguous sets of type LY. 
We mention three facts that we shall have several occasions to use. 
(1.1) The class Ha is a field, and every Bore1 set of type oc is of the 
class Ha+1 ([l], p. 136). 
(1.2) For any set A of the class H, (n> l), there is a sequence 
{&}n-1,2,... of sets of the class HP (/?< a) such that 
A= 6 (AnnA,+ln . ..)= fi (An u A,+1 u . ..). 
n-1 n-1 
Moreover, if X is separable, this is true for 01= 1 ([3], p. 262). 
(1.3) Let Ai, . . . , A, be disjoint sets of the multiplicative class of type 
01> 0. Then there exist disjoint sets Pi, . . ., Pa of the class Ha such that 
At CFt and X=Fr u PZ u . . . u Fn ([3], p. 267). 
For a general discussion of Bore1 sets see [l J and [3]. 
We now observe a property of ZP. An element x E ZP can be written 
in the canonical form 
x= 5 arp< (O<ai<p-1). 
i-0 
Thus if 57 is the space (0, 1, . . ., p- 11, ZP can be identified with %*o, 
and ZP is homeomorphic to Z,Xo ([3], p. 235). Therefore there exists a 
l- 1 correspondence between ZP and all sequences of elements of ZP 
such that 
x4--+ (Xl, x2, . ..). x, xc E zp, G 
and for a fixed i, x --f q is continuous. Since ZP is homeomorphic to the 
Cantor set V, an x E ZP can be regarded as a 5 E ‘% (a E E V is regarded 
as a sequence (&, 5.2, . . .), where & = 0 or 1). 
Let X be a separable metric space (not necessarily O-dimensional) and 
let Q= (O&--1,2, . . . be a countable base of X (containing the empty set 53). 
Then there exists a l- 1 correspondence between %’ and all sequences 
of elements of 0, e.g., let us put 
Ml) = 1 
O{ if 6-l 
Ib if &=O, 
and let [= (&, Es, . . . 1, then putting $(5) = (+I(&), +&4, . . .) = (hl, %,, . . .) 
(omit the empty sets excepting Ot= 8), we get a desired 1 - 1 corre- 
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spondence $. Thus from the above fact, there exists a 1 - 1 correspondence 
between &, and all sequences of elements of 0, i.e., 
2++ (O,,, o,, . ..). x EZp, O,,EO. 
We define the universal function g,(x) as follows; 
(c) g&)= lJ, g%(8) if L is a limit ordinal, 
where for a translinite limit ordinal A-4 (the first uncountable ordinal), 
by the axiom of choice we can choose a sequence ;2i <As < . . . --f A, and 
we assign this sequence to 1. 
Then we have the theorem; 
THEOREM 1. (1) Th e set g,(z) belongs to the class CT,. 
(2) For an E E B, there exists an 2 E ZP such that E =g,(z). 
(3) The set {(t, x)lt E ga(x)} belongs to the class G. 
The proof is analogous to that of [3, p. 2761. 
E-LE 1. (See [3], p. 278). Let X=5& Then X is a O-dimensional 
compact separable metric space. Let E, be the projection (on &axis) 
of the set 
Then the set E, is of the class Q, and not of the class P,. Thus by (1.1) 
the set Ea is of the class H,+i and not of the class He. 
EXAIKPLE 2. The sets N = (0, 1, 2, . ..> and Z={O, fl, f2, . ..} are of 
the class Hz and dense in ZP. 
SECTION 2. The classes ‘81 and 81. 
DEINNITION 1. Let f b e a R-valued fun&ion defined on X. The 
function f is called to be B-measurable of class LY if for any rB 0 and 
any a E K the sets 
belong to H,. The totality of such functions will be denote by ‘%. 
It is clear that for a set A C X the characteristic function XA of A 
belongs to %, if and only if A belongs to El,. 
DEFINITION 2. Let C(X) ( = 580) be the algebra of all K-valued con- 
tinuous functions on X. For any countable ordinal m> 0, inductively we 
define 8, to be the class of all K-valued functions defined on X which 
are limits of sequences of functions in Ug<d ‘58~. An f E 5% is called a 
Baire function of class 0~. 
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LEMBU 1. ([.%I). The characteristic function %A of a set A C X belongs 
to ‘%I if and only if %A belongs to 931. 
!CEE~REIVI 2. Let f be a R-valued function defined on X. Suppose 
that for any s> 0 the set f(X) n (a E K] JoL~<~} is compact. Then f belongs 
to ‘& if and only if f belongs to 931. 
PROOF. f E !I&+- f E ‘%I. For f E %?I, there exists a sequence {fn)n-1,2, . .. 
of continuous functions on X such that f(s) = lim,,, f&). For any 
a;~ K and any ~20, we put 
En={msXI of,&)-+Y}. 
So E,, is a clopen set in X. Let us put 
Then the set pt is closed, and the set f$ is open. And we have 
@ E Xl If(z)-a(>r>= JJl Pt= i4 4 E&. 
Similarly we obtain 
(z E Xl If(LT)-al a} E HI. 
Thus we get f E %I. 
f E 911 =+ f E 81. Let us consider f&t the o&se where f is bounded. We 
note that for some M>O the set 
is compact. So for any n there exists a finite set {Q, . . . . z~J C X suoh 
that X= (JzI VP), where m, is an integer depend on n, 
and 
JP={x EXI If(z)-f(Q)l<W) 
v{(n) n vj(nJ=g (i#j, l<i, j<,,). 
By hypothesis, the set Vj(m) belongs to HI. Let us put 
$&)=f(zg) for 2 E V&n). 
Then by Lemma 1, the function +19 belongs to 81. And we have 
Let us put 
/f(x)-q$&)Icl/n for any z EX. 
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Then we get 
(*) 
and 
IYT&)l <l/n (n>l), 
x= u u (vp n rp+q. 
j-1 i-1 
And the sets V&n) n Frj@+l) are disjoint and of the class Hr. The functions 
P,, are constant on V{(n) n V#n+l), and vn E ‘$31. Therefore there exists a 
mquenw (yk(n)}n-La,... of continuous fun&ions such that 
y&) = lim +9@(z). 
n-+00 
By (*), we may assume that ( yrun@)(z)l < l/k. And we obtain 
f(s) = lim +a+) = 41(4 + (d&4 -(b&4) + . . . 
=yo(z)+y1(z)+... . 
Let 
Then the function fn is continuous on X, and we have 
If(z) -f&)1 = I(yo(4 - yo’n’bg) + *- * + (yiv(z) -yd”‘(4) t yN+l(z) + *** 
- (y&W + * * - + yn’“‘(4) I 
6 max (lye---y~Yx)l, . . . . lye--y~Yz)l, l/N+l). 
This implies that 
lim If(z)--f&)1 < 1/N+ 1. 
n-bdo 
With N + oo we obtain 
i.e., f E $31. 
Next we consider the case where f is unbounded. We take a sequence 
{k)m-1,2,... of elements of K such that lo~ll< lolaI < . . . --f 00. Let us put 
h=@=Xl If(~)l441, 
Then we have lim,,+, &(Z) = f(s). A n we can easily show that for any d 
r20 and any UE R the sets 
and 
k E XI I#&) -4 -4 
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belong to Hr. Thus by the tist case the functions & belong to 81. Then 
there is a sequence {&(o}~-r,s, . . . of continuous functions such that 
lim,+, &(f)(z)=&(z). Let us put I&)=&@). Then the functions yn 
are continuous on X and lim,+o, yr,(z) =f(s). 
Thus we have f E ‘81. 
THEOREM 3. (B aire’s theorem). Let f E 81. Then the set D of points 
of discontinuity of the function f is of the first category. 
PROOF. Since f belongs to $31, we can choose a sequence {fa}n-l,a,... 
of continuous functions on X such that f(x)= lim,,, f&r). Let w(x) be 
the oscillation of f at x, i.e., o(x) =inf, S(f(U)), where 6 is the diameter 
and ‘CJ runs the family of neighborhoods of x. Let us put 
Then we have 
E(E) = {x E Xlw(x) >&}. 
D=E(l) u @l/2) u E(1/3) u . . . . 
Thus it suffices to show that for any E> 0 the set E(E) is of the first 
category. Let us put 
Ak={x eXlf&)-ffk(x)I<d<~ for any i>k). 
Then A* is a closed Cd-set. And we have 
X=Al u AZ u . . . . 
E(E) = (E(E) n Al) u (E(E) n AZ) u . . . . 
Let x be an interior point of At. Since fk is continuous on X, there exists 
an open set 0 such that x E 0 C Ak and d(fk(0)) < E’ < E. For any points 
xl, x2 E 0, we have 
If(a) -fd~dI<~‘, 
and 
Hence we obtain 
If(xz)-fk(X2)l <E’, 
If&l) - fnG(x2)1< d. 
Ifw--f(~4 <E’. 
Thus we get ~.@)<E’<E, i.e., x 4 E(E). Therefore the set E(E) n Ak is 
contained in the boundary of A k. Since the boundary of the closed set 
is nowhere dense ([3], p. 38), the set E(E) n Ak is nowhere dense. Thus 
the set E(E) is of the first category. 
SECTION 3. Limits of functions. 
THEOREM 4 (a). The limit of a uniformly convergent sequence of 
functions of the class 5% belongs to the class ‘8,. 
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PROOF. Suppose that the sequence {fn}n-i,s, . . . converges uniformly to 
f and that functions fn are of the class ‘3,. Then for a sufficiently large n, 
we have 
{x EXI Ijc+4->={x EXI If9d+-~l~~}, 
{=X1 lfw-4>~}=(~~Xl Ifnw-~l~~}, 
where a E K and rT 0. Hence the sets 
1% E Xl IfM-4 <r> 
and 
@=X1 Irc+4>f”> 
are of the class H,, i.e., f E Y.l,. 
THEOREM 4 (b). The limit of a uniformly convergent sequence of 
functions of the class !B3, belongs to the class &, 
PROOF. It is clear for a=O. Suppose that the assertion is true for 
/?< 01, and that the sequence {fn}ll=l,~, . . . of functions of the class ‘2% 
converges uniformly to f. Then we have 
f(z)=~~~(f.+l(z)-f,(s))+fi(5). 
and for any E > 0 there exists an no such that for i > ne and x E X we have 
(1) Ik+1(4-fr@)I <&, 
(2) 
and 
Ik g (fk+l@)-/fk@))l <E. 
Since the function fk+i -fk is of the class ‘&, we can choose a sequence 
{gn~>p1.2, . . . such that 
fn+l(s)-fn(z)=jl;~sllr(z). 9nj E %/3 @<a). 
+ 
Thus for any E> 0 and a fixed x E X, there exists an no’ such that for 
j>m’ we have 
(3) Ifn+l(4-f&)-9M(4I <a* 
And by (1) for any n, i> max (120, no’) we get 
(4) Is&N <E. 
Let us put 
91(x) = 911(4, 92(4 =912(x) +922(x), * * * 
gm(x)=gl,(~)+g2nz~~)+~~~+9nzm~~~~ **. 
Then we have 9m E 58s (DC a). 
Fix x. Let iV> max (no, no’). Then from (2), (3) and (a), for m>N 
we have 
If(4-h&k m*x (V(Z,-6(~)-~~~l(t~+l(S,-tno)/, 
Ifa@) - he4 - em(4l , . . * Ifa+l(x)-flv(s)-SNm(z)l, 
19N+l,mwl, **-5 I~mmbm 
<E. 
Thus we obtain f(x) = lim,+, g,&), i.e., f E b,. 
THEOREM 5. The limit of a sequence of functions of the class ‘% 
belongs to the class ‘%+I. 
PROOF. I& {fn}n-l,z,... be a sequence of functions of the class ‘& 
such that f(z)= limn+co f%(z). It is sufficient to show that for any rT 0 
and any a E R, the sets 
@=Xl If(+4<g, {~~Xlf(4-4>4 
belong to H+l. Let E={b E XI lb-al -CT} and 
s,= (J {GEKI Ic-bl<l/n). 
bcE 
Then 8, is a ball and S, r> E, and if l/n<r we get S,,= E. Let us put 
&an = {x E xlfn+k(x) E s,>, 
which is a set of the class H,. Put 
E,,= ?j Elak, &,= fi E,k. 
x-1 x-1 
Then we have 
{z E XI If(z) --al <r}= {ix E X/f(z) E E}= fi E,= 6 & E Ha+l. 
n-1 s-1 
Similarly we have 
{z E XI If(x)-al >r} E Ha. 
PROPOSITION ([3], p. 284). Let El, . . . . E, be sets of the class H, such 
that X= uz, Et, and let f be a K-valued function defined on X. If the 
functions flak (f restricted to Et) belong to the class ‘8, on Eg, then the 
function f belongs to the class ‘&. 
LEMMA 2. Let f E ‘8,. Suppose that the set f(X) is compact. Then 
there exists a sequence (fn)pr-~,~, . . . of functions of the class ‘% such that 
(fn} converges uniformly to f and fn(X) is a finite set. 
PROOF. Since f(X) is compact, for any n there exists a fmite set 
t ~1, . . . . zk} CX such that yt=f(~), Iyt-gJ>l/n (i#j) and 
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Let us put 
A = {x E Xl If(x) - Yfl< l/n}. 
Then we have At n A,= 8, At E H, and X = UEI At. Put 
f%(X) = y{ for x E A& 
Then by Proposition we obtain 
fnE%, 
If%(x) -f(x)1 < l/n for all x E X. 
This implies that the sequence {jm}n-r, 2, . . . converges uniformly to f and 
fn(X) is a f&rite set. 
LEMMA 3. Let Al, . ..) A, be disjoint sets of the class H, (a~> 1). Then 
for a finite set {yr, . .., yn} C K there exists a function f of the class % 
such that f(z)=yt for ZEAL (i=l, . . ..n). 
PROOF. By (1.3) there exist disjoint sets PI, . . ., F, of the class H, 
such that At CFg and X=Fr u . . . u F,,. Let us put 
f(x)=yf for x E Fg (i= 1, . . . . van). 
Then by Proposition the function f belongs to ‘$.I,. 
LEMMA 4. Let f E 5& (00 1). Suppose that f(X) is a finite set. Then 
there exists a sequence {fn}n..r,2,... of functions of 58, (/?< a) such that 
f(x) = fim,,, f,,(z) and in(X) = f(X). When 01 =il+ 1 (I is a limit ordinal), 
the functions fn belong to the classes ‘8s (,5’ < a). 
PROOF. Suppose that f(X) = {yr, . . ., yk}, ytltzyj (i#j). Let 
At = {x E W(x) = yt>. 
Then Al E Hm and X- Ufl c-lAt. By (1.2) we can choose sequences 
(bJ7n-1,2, . . . of sets of classes Hb, /? < 01 (or /I< I) such that lim,,,+,,, Am, = Ad. 
Let us put 
F~n=Aln, Ein=Azpl\Ala, . . . . Ft,=Aam\(&, u . . . u &--~,,a). 
ThenwehrtveFI,EHg,Bca(orB<3L),&ndP‘,nF~~=O (i#j,n=1,2,...). 
Thus by Lemma, 3, there exists a function f,, E I$, /?c oc (or /I < 2) such 
that f&) =y~ for x E Fin. And for these functions fn we have 
lim f&r) =1(x). 
(1+00 
THEOREM 6. Let f E % (a > 1). Suppose that for any r> 0 the set 
f(X) n b E Kl I4 < > t is compact. Then the function f is the limit of a 
sequenw {fn}n-~.2,... of functions of the classes %p (/?< 0~). When 01 = iz + 1 
(;( is a limit ordinsl), the functions fn belong to the classes ‘$&I @?<A). 
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PROOF. We first consider the case where f is bounded. By assumption, - - 
for some r>O the set f(X)= f(X) n {a E R( ILY] <r} is compact. So by 
Lemma 2 we can choose a sequence {gnjn-i,s,... of functions of ‘& such 
that {gn} converges uniformly to f and gn(X) is a finite set. By Lemma 4, 
for gn there exists a sequence {gng}+r,s, . . . of functions of %p, p< oc (or 
p<A) such that g&r)= lim,+cp g&z) and gn(X)=gnr(X) is a finite set. 
Let us put 
f*(x) =g9&&). 
Then we have 
b f&4 = f (4, 
n+m 
and 
In the case where f is unbounded, one can prove the theorem in the 
similar way as the proof of Theorem 2. 
SECTION 4. Baire functions on ZP. 
!I!HE~REM 7. (Lebesgue-Hausdorff theorem for Q,,, c.f. [3], p. 299). 
Let X = ZP and R =&. Then we have 
(a) %= %, if 01 is a finite ordinal, 
(b) %= ‘&+I if OL is an infinite ordinal. 
PROOF. We shall show the theorem by induction. The theorem is true 
for CG= 0. Since the set f(x) n { oc E K] 1011 <r} is compact for any r> 0, 
the assertion for 01= 1 is true by Theorem 2. Suppose that the assertion 
is true for a finite ordinal (x. Since the field QP is locally compact, the 
&-valued functions satisfy the assumption of Theorem 6. Thus according 
to Theorems 5 and 6, the assertion is true for or+ 1. Thus (a) is proved. 
Suppose that oc =A (a limit ordinal). For a function f E 1132 there exists 
a sequence {fm}n-1,2,... such that f(z) = lima+, f&) and fn E BE,,, &,<A. 
By assumption, the function fn belongs to the class !&,+1. Thus fn belongs 
to the class 8~. Hence by Theorem 5;, f belongs to the class %+I, i.e., 
by C !&+I. Suppose that f E ‘&++1, then by Theorem 6 we can choose a 
sequence {fpl}n-l,2,... such that f(z)= limnem f%(z) and fn E Q,, &,<iZ. 
By assumption the function fn belongs to the class bt,,. Thus we have 
%a+1 C %+a. Hence (b) is proved. 
EXABD?LE 3. Let E, be as in Example 1. By Theorem 7, if LY is finite 
(or infinite), the characteristic function XE, of E, is of the class ‘&+I 
(or of the class !&+), and not of the class 5% 
EXAMPLE 4. Let N and 2 be as in Example 2. Let XN and xz be the 
characteristic functions of N and 2, respectively. Then XN and xz are 
the functions of the class 82 and not continuous at any point of &,. 
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